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TWISTED INTERNAL COHOM OBJECTS IN THE CATEGORY OF QUANTUM 

LINEAR SPACES 

S. GRILLO AND H. MONTANI 


Abstract. Adapting the idea of twisted tensor products [3 to the category of finitely generated algebras, we de¬ 
fine on its opposite, the category QLS of quantum linear spaces 111)11111 . a family of objects homJ [B, A\°^ S QLS, 
one for each pair A°^, B°^ S QLS, with analogous properties to hom [B, A]°^ = Horn [B°i‘, A°P] (its internal Horn 
objects), but representing spaces of transformations whose coordinate rings homT [B, .4] and the ones of their 
respective domains B°^ do not commute among themselves. (The work is mainly developed in a full subcategory 
of QLS whose opposite objects are given by finitely generated graded algebras.) They give rise to a QLS-based 
category different from the one defined by the function {A, B) i—> hom [B, A]. The mentioned non commutativity 
is controlled by a collection of twisting maps g which define product spaces [hom'*' [B, A] o-r Bj ^ satisfying 
the inclusions homT [B, A] Ot B G IrornT [B, A] B. We show that the (bi)algebras end! [A] = homT [A, A], 
under certain circumstances, are 2-cocycle twisting of the quantum semigroups end [A]. This fact general¬ 
izes the twist equivalence (at a semigroup level) between, for instance, the quantum groups GLqin) and their 
multiparametric versions GLq ,j,{n). 


Introduction 

Quantum linear spaces, or simply quantum spaces, were defined by Y. Manin as opposite (or dual) objects 
to finitely generated algebras (FGA). He described the latter by pairs (Ai,A) where A is a unital algebra 
generated by some finite linear subspace Ai C A; arrows between them are unital algebra homomorphisms 
A —> B which restricted to Ai C A give linear morphisms Ai —> Bi (c B). Every pair A = (Ai,A) is 
interpreted as the (generically) noncommutative coordinate ring of the quantum space A°^. In other words, if 
we call QLS the category of quantum spaces and FGA the category of their coordinate rings (the pairs), then 
QLS = FGA°^. Since the duality between QLS and FGA, for quantum spaces we understand the objects of 
each one of these categories. 

Initially, Manin m defined quantum spaces in terms of quadratic algebras, which constitute a full subcat¬ 
egory QA of FGA. Later m, he extended the concept to arbitrary finitely generated algebras. Then we refer 
to the objects of QA and FGA as quadratic and general quantum spaces, respectively. 

FGA is a monoidal category (FGA, o,I). Thus QLS has, by duality, an associated direct product of quantum 
spaces (of course, the term ‘direct’ is not used in the sense of ‘cartesian’). 

Manin’s work is based on the existence of internal coHom objects in FGA, which define the quantum matrix 
spaces hom [B, A] with related coevaluation morphisms A —>■ hom [B, A\oB', or in their dual version, the internal 
Hom objects 

Hom [B°P, A°P] = hom [B, A]°^ 

of the monoidal category (QLS, x,X°p), giving rise to the (noncommutative) algebraic geometric version of 
quantum groups. More precisely, he defined quantum groups as the universal Hopf envelope out [A] = GL [A] 
of the bialgebras end [A] = horn [A, A]. Restricted to QA, this approach is close to the FRT construction of 
quantum matrix bialgebras mu\ 

However the product o is in essence the usual tensor product of algebras. Following the work of Cap, Schichl 
and Vanzura we may ask why such a product is used in the construction above. Using it, one is assuming 
that the coordinates of the space Hom \B°p, A°^] commute with the ones of B°^, although the coordinates 
on the individual factors do not commute among themselves. The main aim of this work is to carry out a 
twisted version of the quantum matrix spaces, by means of replacing on the coevaluation arrows the product 
o by a twisted tensor product, which we shall indicate o^.. It is worth remarking that we are not going to 
change the monoidal structure on the category FGA, which would be to make the Manin construction in a 
Yang-Baxter or braided category [^1. We just change the products between certain objects. In other words, 
we study certain subclasses of maps A ^ H o^. B for fixed A and B (each subclass representing a particular 
kind of non commutativity between factors and B°^ of a quantum space product [H o^. B]°^) from which 
we construct universal objects, the twisted internal coHom objects hgm^ A], with analogous properties to 
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the proper coHom ones. In this way we extend, and endow with an universal character, the results given in a 
previous work m 

We shall see that, in some cases, the associated twisted coEnd objects, given by bialgebras end ^ [^], corre¬ 
spond to twisting by counital 2-cocycles of the bialgebras end [^] in the sense of Drinfeld twisting process 0 • 
That is to say, end [.4] and end^ [A] are twist equivalent as bialgebras. 

The paper is organized as follows. In §1 we analyze an interesting full subcategory of EGA (formed out by 
finitely generated graded algebras) on which our main work is based. This class of objects will be called conic 
quantum spaces, and they can be regarded as an intermediate version between general and quadratic ones. 
Before that, we review some well-known properties of the latter classes such as monoidal structures and related 
internal (co)Hom objects. 

We point out in §2 a related semigroupoid structure associated to certain comma categories of which the 
internal coHom objects are initial objects. This structure is the main guide towards our construction. We show 
how to arrive at the notions of (co)evaluation, (co)identity morphisms and (co)composition of morphisms (in a 
compatible way) using the universal character of the objects hom [B, A] and the above mentioned semigroupoid 
structure, and then relate those notions to the concept of based categories. At this point we introduce the 
necessary ingredients to pose in precise algebraic terms the plan of our work and the main results. 

In §3 we define a twisted tensor product 0 ^- between objects of (EGA, o) and morphisms between the resulting 
objects. They are such that, as in the algebra case, their isomorphism classes are in bijection to linear trans¬ 
formations with the same properties as twisting maps ^ . We introduce this concept in the algebraic geometric 
terminology used by Manin, which allows us to associate the (trivial or) non twisted product isomorphism class 
(i.e. the class related to the standard product o, or to the flipping map) to commuting points of factor spaces. 
Gonversely, we are connecting the idea of (generically) non commuting points with the concepts of (non trivial) 
twisted tensor products and twisting maps. 

Finally, we build up in §4 the twisted quantum matrix spaces hom ^ [■B, A]. They give rise to a QLS or 
FGA°^-based category different from the one defined by the proper Hom objects, and with an evaluation notion 
coming from the arrow (dual to) A hom ^ [S, A\ B. We also show the twist equivalence end '^ [A] ^ end [A], 
as bialgebras. 

We often adopt definitions and notation extracted form Mac Lane’s book [H|. By k we indicate some of the 
numerics fields, R or C. The usual tensor product on k—Alg and Vctk (the categories of unital associative 
k-algebras and of k-vector spaces, respectively) is denoted by (8>. 


1. Quantum linear spaces 


From its very definition, any pair (Ai, A) in EGA has associated a canonical epimorphism of unital algebras 
n : Af ^ A, where A® = A®” is the tensor algebra of Ai (No denoting the non negative integers), 

such that restricted to Ai gives the inclusion Ai ^ A, and it defines a canonical isomorphism Af j kerH i;: A. 
Moreover, the gradation in A® induces a filtration in A and kerH, with 


A = U 


n^No 


F„, = n 


(eL 


A®’ 


and kerH = U„gNof„; C 0"^o fo.i = {0}. On the other hand, for any pair of quantum spaces (Ai, A) 

and (Bi, B), the arrows (Ai, A) ^ (Bi, B) are given by algebra homomorphisms a : A — > B completely defined 
by the linear maps : Ai —> Bi. In fact, they can be characterized by arrows a\ : Ai —> Bi in Vctk such 
that 

af (kerHA) C kerHe, being af = af" : Af ^ Bf 

the unique extension of ai to Af as a morphism of algebras. We will say that a is the quotient map of af. 

In these terms, the category QA of quadratic algebras, which constitute a full subcategory of EGA, is formed 
by pairs ( Ai, A) such that the kernel of H : Af ^ A is (a bilateral ideal) algebraically generated by a subspace 
I C Ai (g) Ai, i.e. 

_71—2 

kern=0 I„;I„=y Af® I ® Af"-''-^. 

These objects are called quadratic quantum spaces. Its arrows can be characterized by linear maps ai such 
that af^ (I) C J, being J C Bf^ the generator subspace of kerHe. 


Now let us present an intermediate version between quadratic and general quantum spaces. We shall name 
conic algebras or conic quantum spaces those pairs ( Ai, A) of EGA such that A is a graded algebra 


A — 0 A„; A„ — n 


Af") , 
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or equivalently, kerll = In, In C Af" and I„ 0 C In+m- The arrows between conic quantum spaces 

are morphisms ai : Ai ^ Bi in Vctk such that of" (I„) C Jn- If we name CA the category of conic quantum 
spaces, the inclusion of full subcategories QA c CA c FGA follows. 

Examples of conic quantum spaces are, beside quadratics ones, those with related ideals of the form ker 11 = 
A® ® I® A®, with I C Af™ for some m £ N. We call them m-th quantum spaces, and denote by CA™ the full 
subcategory of FGA which has these pairs as objects. Thus QA = CA^. 

Because our main constructions will be made on CA, we are going to study its associated internal coHom 
objects and some functorial structures in terms of which they can be written. To this end, we first refresh the 
monoidal (and other relevant) structures on FGA and QA. 


1.1. Monoidal structure on FGA and its internal coHom objects. On FGA a bifunctor o : FGAx FGA ^ 

FGA can be defined, such that to every pair of quantum spaces A = (Ai, A) and B = (Bi,B) it assigns the 
quantum space 

Ao B = (Ai ® Bi, A o B), 

where A o B is the subalgebra of A ® B generated by Ai ® Bi. That means, from the (canonical) isomorphism 

[Ai®Bi]® ^ [AiOBi]® =0 Af"®Bf" 

where [Ai ® Bi]® is the subalgebra of Af ® Bf generated by Ai ® Bi,^ the kernel of the canonical projection 
[AiOBi]® ^ AoB is isomorphic to 

(Af OkernB+kerHAOBf) n[Ai®Bi]®. 

Note that A® o B® = [Ai ® Bi]®. We frequently identify the latter algebra and [Ai ® Bi]®. Returning to the 
functor o, on morphisms a : A ^ A' and f3 : B ^ B', this functor gives 

0 0/3= o ® /3| aoB ■ Ao B ^ a' o B', 

the restriction of a® /3 to the subalgebra AoBcA®B. It is easy to see that o supplies FGA with an structure 
of symmetric monoidal category, with unit object I = (k, k). The functor o also defines a monoid on the m-th’s 
and conic quantum spaces, but the unit object in these cases is /C = (k, k®) = (k, k[e]), i.e. the free algebra 
generated by the indeterminate e. 

For every couple of objects A and B in (FGA, o,T) (c.f. ^Tj) we have a (left) internal coHom object 
horn [B, A], i.e. an initial object of the comma category {A [ FGA o B). The objects of each {A i FGA o B), 
diagrams in the Manin terminology, are pairs 


’ with He FGA, 


and If a morphism A ^ H o B] and its arrows {ip,H) —> are morphisms a : H ^ H' satisfying 

(fi' = [ao Ib) For every such comma category there exist an embedding 

: (A i FGA oB)^ FGA / ^ [ip, H) = H. 


If A and B are generated by Ai,Bi £ Vct^ with dimAi = n and dimBi = m, the initial object of 
[A [ FGA o B) is the pair (5^ ^, horn [B, A]) where horn [B, A] is given by an algebra Ef / K being 


( 1 . 1 ) 


El = span 



n,Tn 


and K a bilateral ideal depending on ker Ha and ker Hb , and (5^ g = (5 is the coevaluation map 


(1.2) 5 : A ^ horn [B. A\oB / Uii-^zf^bj, 

with {oi} and {bj} basis of Ai and Bi. Generically each object hgrn[B,A] is equal to (Ei, E®/K), in the 
sense that symbols zf are linearly independent.^ From formal properties of internal (co)Hom objects we have 
the cocomposition and coidentity maps 


(1.3) 


horn [B, A] —> horn [C, A] o horn [B, C], 


end [A] = horn [A, A] —> I, 


^The above isomorphism is built up from permutations; for instance, restricted to [Ai (g) Bi]®^ is given by the map 523 which 
acts as the flipping map on second and thirst factors, and trivially on the others. 

^Nevertheless, suppose a relation c^ai + AI (A 7 ^ 0) is present in a quantum space such that = 0, for some k. Then end [A] 
is generated by elements zj related, among other possible constraints, by the linear form c'^z^. 
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which on each coEnd objects end [^] £ EGA dehne the (injective) comultiplications 

A : end [A] ^ end [A] o end [A] / z{ i—> zf (g) zl 

and (in our case surjective) counits 

e : end [A\ ^ T / z^ i—> £ k, 

giving end [A] a bialgebra structure (A, e). In addition, the (injective) coevaluation A ^ end [A] o A defines a 
coaction which supplies A with a structure of left end [A]-comodule algebra. 

The functor jj: The following observation will be crucial to construct our twisted quantum matrix spaces. 
For any H) in {A i EGA o B), with H = (Hi, H), there exist an associated linear space 

/ \ n,m 

ilf=£(hi) cHi 

defined by the restriction of cp to Ai, i.e. by a linear map at i—> hf ®bj. In particular, there is a linear surjection 

: BJ ® Ai ^ : V ® a, ^ hi, 

being {6*} C B* the dual basis of {bi}. In what follows we identify the linear spaces Lin [Bi, Ai] and Bj^ (g) Ai. 
Moreover, (<p,7i) can be related to a subalgebra HA of H generated by H^, and the corresponding quantum 
space HA = (Hf,H'^). For the initial object, we have generically that Ei = Ef and gives an isomorphism 
Lin [Bi, Ai] i;: Ei. 

In this way, for every couple A,Bg EGA, the map 

{p>, n) G {A i EGA oB)^n^ G EGA, 

extended to any arrow {tptG) as a provides a collection of functors 

S': (A i EGA oB)^ EGA. 

For any a : {ip, H) —> {ip, G), Sa = ^ defines the epi arrow 

(1.4) Sa : ^ {ip,H) ^ ^ {ip,G) ■ 

Obviously, S = ^ for all {(p, H) such that = H; in particular, S = ^ for generic initial objects. 


The geometric role of initial objects: We will make a brief comment on the algebraic geometric inter¬ 
pretation of the relationship between diagrams {<p,'H) and internal coHom objects in EGA. 

The initial property of any horn [B, A] means that for a given object LL and a morphism (p : A ^ TioB, there 
exist a unique morphism of quantum spaces a : hom [B, A] —> making commutative the diagram 


(1.5) 



hom [B, A] o ;B 


A 


a o Ij} 



UoB 


From Eq. (Ha, we have the epi (or epimorphism, for the underlying algebras) 


(1.6) hgrn[B,A\^^{p,'H) 

for every {p, Ti.) G [A i EGA o B). Thus, the opposite of any S {^^ H) can be regarded as a subspace 


S {p, n)°^ ^ hom [B, A]°^ = Hom [B°p, A°p] 

of the space of quantum linear maps from B to A. More precisely, the monic S {£, £1)°^ ^ hom [B, A]°^ gives 
the representative of an equivalence class of monies defining a subobject of hom [B, A]°^. 

We could say ham[B,A] is a ‘‘generic point' of the ‘ noncommutative algebraic variety' Hom \B°p. A°p] (or 
that the quantum space Hom [B°p, A°p] is the Hocus of hom [B, A]’), and regard the object ^ {p, H) = TL'p as a 
‘specialization' of it. 
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1.2. Quadratic quantum spaces. There is another symmetric monoidal structure on QA given by the bifunc¬ 
tor • : QA X QA —> QA such that to every pair of quadratic quantum spaces A = (Ai, A) and B = 
it assigns the quantum space 

A . B = (Ai (g) Bi, A . B); A . B = [Ai (g) Bi]®/ / [I (g) J], 


where I [X] means the bilateral ideal generated by the set X.^ For the morphisms A ^ A! and B B\ the 
morphism a • (i ■. A* B ^ A' • B' is defined as the quotient map of 


»f ® l,A.«B.p = [». ® HI? = ® Jf”- 

which is well-defined because af^(g/3f^ (I (g J) C I'(g J'. The unit object isU = (k, U), being U = 
Now, consider the covariant functor ! : QA°^ —> QA such that 

A’ = (AJ,A% A’ = At®//[I-L]; 


k [e]/ / [e 


where = {r S A^®^ : (r, q) = 0, Vg € l} is the annihilator of I in relation with the standard pairing. For a 
morphism a : A ^ B it assigns (X'.B'^A^ being a' the quotient map"' of a]"® : Bj^® ^ A*®. The main 
relationships among the functors o, • and ! can be summarized in the following equations 

(1.7) A'--A, {AoB)- - A- •B-, (Am B)' - A!' o B', K.'-U. 


Manin showed that (QA, o, K.) has internal coHom objects given by hom [S, A\ = B' • A, with (co)evaluations, 
compositions and (co)identities (replacing I by Af) given by 11.211 and lESJ. QA has also internal Hom objects 
in relation with the monoidal structure •, that is, for (QA, •,77). They can be defined as 


Hom [B, A\ = s' o A x: hom [S', A'] ’. 


We shall be mainly concerned with coHom objects, because they define on QLS 
quantum linear maps 


Hom [B°P, A°P] = hom [S, A]°^ e QLS, 


Fga°p the spaces of 


or the noncommutative algebraic varieties given by the locus of hom [S, A]. 

The structures described in this section can be dehned also on m-th quantum spaces (we just have to 
change 2 by m in all definitions). For instance, a unit element for (CA™,*) would be Um = (k,U^), being 
JJm = k [e] // [e"*]. Note that U 2 = U, and that we can define Uao = Af- 


1.3. The conic case. From now on, we understand by quantum spaces the conic ones, unless we say the 
contrary. If (Ai, A) and (Bi,B) are objects of this class, then 


kernA=0 I„, kerHe^ffi J 


Define the functors © and ! as 


and A' = At®// ©„>2 


A©B 

, where now 


[Ai©Bi]®/0 ^ I„©T 


I;[ = {xGAt®”:(x,y) = 0, Vyel4, n > 2, = {0} . 

A unit element for (CA, ©) is U as for QA, however the restriction of 0 to every CA™ (in particular QA) does 
not coincide with the analogous functor • defined on these subcategories. On the other hand, the functor ! does 
coincide with the corresponding to the m-th cases because 

(1.8) (A®" © I © A®")^ = At®" © © At®", Vr, s G No, 

where I C Af™ is the generator of kerH; but ^ *dcA- The preserved properties are (w.r.t. Eq. czni), 

{AqB)' -X- oB\ ic'-u, ic-u', 

while {A o B)' ^ A' <3 B' and A' ^ A. 


^Manin uses [Ai 0 Bi]® instead of [Ai (S> Bi]®. We are working with the latter in order to deal with the homogeneous case 
bellow. 

‘^Remember that ctj : B* —> A* is given by (b) = {b,ai (a)} (calculated on the respective pairings) for all a G A* and 

b E Bh Then ^ follows immediately. 
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Although the functors © and ! do not have the nice properties of • and !, they lead us to define on CA some 
kind of covariant mixing of them, namely 

> : CA°^’ X CA ^ CA, < : CA X CA°p ^ CA, 


o : CA°P X CA°P CA, 

given on objects by (identifying each object with its opposite)® 


A>B = 


AoB = 


AoB = 

ia: 8 B©/If 8© 


Using JEHl, it can be shown that restricted to every CA™, 

(1.9) > = • (! X id), <3 = • (idx!), o = • (!x!). 

Associated to > and <i we have K. as left and as a right unit, respectively, in the sense that 1C\> A ^ A and 
A<K, ^ A iov any A in CA (while A\>U ^ A, U <i A A^' and K, o A':^ Ao K.A). 

Theorem 1. The monoidal category (CA, o,Af) has internal coHom objects given by 

hom [S, A = S > A. 

In other words, the functor > is an internal coHom functor. ■ 

Before passing to the proof, we introduce some notation and make some observations useful in next sections. 
Consider A = (Ai, A) and B = (Bi, B), with associated graded ideals linearly generated by the relations 

(1.10) afe,...afc 1 Cl„, CJ„, 

(sum over repeated indices are assumed) being {oi} and {bi} basis of Ai and Bi. For each J„ consider some 
complement J)), such that J„ © J)) = Bf", and indicate by {JA}uj en ^n- Then we can write 

(Til) = ('S' T Jki...kn\ Jki...k„ £ Jn- 

It is important to note that each J;j; C B*®" is precisely the linear space spanned by 

(1-12) 

being {6®} c Bj the dual basis of {bi}. Those subspaces define the ideal associated to B'. 


Proof. An internal coHom object hom [B, A] of CA, if there exists, is an initial object of the comma category 
[A { CA o B). So, let us show that there exists an initial diagram {5, £) in every such a category. 

Let El be as in Eq. and consider the map Si : Ui zf 0 bj. Then, evaluated on an element 

£ In gives (using (ll.llll l 


Rt'k- 


^32 ^jn 
^k2 ^kn 


AX 


JL + -h 


ki ...kr 


Defining E = Ef / K, with K = 0„ K„ the ideal algebraically generated by 


(1.13) 


R 


ki...k„ 31 


©2 3n 

^k2 ■■■ ^k„ 


(S 


hi- 


I A„eA„ 


ien„ 


CK„ 


can be extended to an homomorphism (5 : A ^ E © B, resulting the latter a quotient map of . Thus, 
the pair £ = (Ei,E) defines the diagram {5,£). Its initial character is obvious. Moreover, from the comment 
leading to Eq. (trra . it is immediate that the linear map zf © Oi extends to an algebra isomorphism 

E x: B 0 A. Then, we can define hom [B,A = Bt> A (xc £). | 


Nevertheless, the existence of internal Hom objects for (CA, ©,W) can not be established, as we have made 
for each (CA™, with m > 2. 


®The maps on morphisms are immediate; for instance, we have for > that a°P X /3 is sent to the quotient map of [a* ® di] ^ ■ 
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2. SeMIGROUPOIDS and (CO)bASED CATEGORIES 

The main consequences related to the existence of internal (co)Hom objects in a given category are the notions 
of (co)evaluation or (co)action, (co)composition or (co)multiplication, and (co)identity or (co)unit, which enable 
us to think of them as the ‘(co)spaces of morphisms’ between the objects in the corresponding category. We will 
first see how such notions arise in FGA. Then, we will encode them in the framework of (co)based categories, 
since in this scheme our twisted version of quantum matrices is developed. 


2.1. A semigroupoid structure on the comma categories. Let FGA° the disjoint union of the family 
{(A i FGA o BgFGA’ 

FGA° = V (A I FGA o B) . 

V x.rgfga ^ ' 

The objects of FGA° are the disjoint union of objects of {A i FGA o B), for all pairs A,B G FGA, and its 
morphisms are the union of morphisms of each comma category (in particular, the set of morphisms from 
objects of {A i FGA o B) to the ones of (C J, FGA o V) are empty, unless A = C and B — V). The functors Cp 
of §1.1 extend to an obvious embedding FGA° FGA which we shall also call ‘p. 

From the formal properties of the monoidal product in (FGA, o,Z), FGA° inherits a semigroupoid structure 
given by a partial product functor 


( 2 . 1 ) 


o : Va.rgfga (-4 i FGA o B) x {B I FGA o C) FGA°, 
(A i FGA oB)x{Bi FGA o C) —> (A j FGA o C), 


such that 

= ii^dox) = f°9- 

If / and g are arrows {(f, ^ ^ {(p', ^ and (x, {x', ^ will be an arrow HoQ 

Ti' o G' in FGA satisfying 

{id o x) p' = {f o 9 o id) {id o x) p, 

because equations p' = {f o id) p and x' = {g ° id) x hold. Hence / o ^ is a morphism 


{{id ox) p,Ho G) {{id o x') p', W o G') ■ 

The associativity of o follows from that of o, and it is immediate that the objects {Ij^^T) G (A j, FGA o A) are 
units for o. In particular, o supplies (A j FGA o A) with a monoidal structure, for any A G FGA. Moreover, 
tp o = o (Cp X Cp) and fp {(.^,,2) = Z, so Cp : FGA° ^ FGA is a functor of categories with unital associative 
partial products. 

This groupoid structure on FGA° is independent of the existence of initial objects on each (A i FGAoH), 
nevertheless, every object (C J, FGA oZ), C G FGA has an initial object given by the pair {r^,C), being the 
functorial isomorphism C sc C o Z. (That is true for all monoidal categories.) 

Since 

((id G dg g) S„ horn [C. A] o hom [B, C]) G (A j, FGA o B) 
and {tAil) G (“4 i FGAo A), there exist unique arrows, cocomposition and coidentity (in FGA°) 

Ag g ^ : hom [B, A] hom [C, A] o hom [B, C ], 

( 2 . 2 ) 

: hom [A, A] = end [A] ^ Z, 

for every A,B,C G FGA. There is also the notion of (left) codual object through A* = hom [A, Z]. with 
coevaluation Z ^ A* o A. As remarked above, hom [Z, C] = C, VC G FGA; hence any coevaluation A ^ 
hom [B, A]o B can be regarded as the cocomposition 


(2.3) 


hom [Z, A] ^ hom [B, A] o hom [Z, B ], 


i.e. (5^ g = Aj- g In particular, for duality we have 

(2.4) hom [Z,Z] ^ hom [A, Z] o hom [Z, A]. 
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Due to associativity and existence of unit element for o, the following diagrams (associative composition and 
identity morphisms) are commutative® 

hom [C, A\ o hom [B, C] —>- hom [V, A] o hom [C, V] o hom [B, C] 

(2.5) 

hom [B, A] -► hom [V, A] o hom [B, V] 

X o hom [B, A] - end [^] o hom [B, A] 

(2.6) 

hom [B, A] 

These diagrams together with Eq. reflects the compatibility between the coevaluation and the notions of 

cocomposition and coidentity. In dual terms (and for concrete categories) they give equations like 

(2.7) [f g] (v) = f id (v)) and id{v)=v. 

On the other hand, diagram (EH) states that, for every A, B in EGA, arrows hom [B, A\ end [A] o hom [B, A\ 
are left invertible. 

In particular, there exist injections end [A] end [A] o end [A], A ^ end [A] o A as it was mentioned in §1.1. 

2.2. The (co)based categories. Given a monoidal category (C, o,I), a C-based category is (c.f. [5|): 

a) A set of objects a, b, c,...; 

b) A function which assigns to each ordered pair of objects (a, b) an object Hom [a, b] G C, called the Hom 
objects (to resemble the Hom sets that define a proper category); 

c) Eor each ordered triple of objects (a, b, c) a morphism 

Hom [c, b] o Hom [a, c] —> Hom [a, b] ; 

d) Eor each object a morphism I ^ Hom [a, a] = End [a]. 

These morphisms must satisfy obvious associativity and unit constraints (dual to diagrams 112.511 and (12.bil l. ^ 
In a (co)based category there is not, a priori, a notion of (co)evaluation. 

It is clear that every category (G, o, I) with internal Hom objects gives rise to a G-based category with objects 
in C.® In the dual case, of internal coHom objects, there is a related G°P-based category, which we call C-cobased 
category. The function {A,B) i—> hom\B,A\, together with arrows (12.211 and diagrams (12.511 and (EH, form an 
EGA-cobased category. Dually, the function 

{B°P, A°P) ^ H^ [B°P, A°P] = hom [B, , 

with reversed arrows and diagrams, defines a QLS-based category with objects in QLS. 

This can be settled in more general terms: suppose a family of categories S G EGA} (or equiva¬ 
lently, a function [A, B) to categories) with initial objects is given together a related family of functors 

—> EGA and a semigroupoid structure Of on its disjoint union F'. Suppose in addition that 

o/r = o («p/^ X ‘P'") 

and the respective units are preserved. Then, the function {A,B) ^ hgmF [6, A], being hamf [B,A\ the image 
under Cp^ of the initial object of F^’®, defines an EGA-cobased category (for the dual case we just must 
change initial by terminal objects). That is a direct consequence of the discussion we have made in the previous 
subsection. 

Example. Consider the category CA* of conic quantum spaces equipped with a marked basis (and with the 
same morphisms of CA). For each A* = (A, g) = {B,f) G CA*, where g = {at} C Ai and / = {bi} C Bi 
are the marked basis of A and B, we define the categories F’s as the ones given by triples (7f*, , being 

ip : A^TioB and : A^- ^ XL o B' arrows in CA such that 

(2.8) {p"^ [ad] ,hj) = {V,p{ai)) , 

^Of course, we have a similar commutative diagram where T is on the right. 

^Any (small) category can be regarded as a Set-based category. 

®In the latter case and for concrete categories (in which the objects Hom [a, b] define Hom-sets), it says that C has been enriched 
by the objects Hom [a, b] G C. This is the case of (QA, •), which is enriched by its internal Hom objects B' o A. 
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where {h ®x,y) = {x, h®y) = {x,y) h G H, and {a®} , { 6 *} the corresponding duals to g and /. Arrows 

between triples are morphisms H G in CA such that ip = {a o I) ip (i.e. they are morphisms in {A [ CA o S)).® 
Of course, the functors are the embedding (7i*, (/jl) TL. The initial objects are quotients of the 

corresponding to {A i CA o B). In particular, for each we can define end ^ [A*] = e [A, 5 ], the one defined 
by Manin (for QA) in EDI to add the so-called missing relations}^ The semigroupoid structure on F’ is given 

by 

(?f*, if, (f'^) X (g^, Ip, ip'^'^ ^ [{n o G]^ , {Ih o Ip) ip, {^Ih o iP^^ 
and a X (3 1 -^ a o p, where the marked basis of o ^ is the direct product between the ones of H and G- B 

In §4 we construct a family of categories : A, B G FGA} whose objects are essentially pairs 

{A^Ho^B,n), TfeFGA, 

with Or some given twisted tensor product between Ti and B (as we shall define in the next chapter). Each 
category has an initial object, horn [B, A], and a map A horn [B, A] o,. B. They also have a related 
faithful functor ^ FGA. Moreover, on the subfamily : A,B G CA} corresponding to the 

conic case, a semigroupoid structure ©x can be defined in such a way that 

Ox = o (^p’^ X <p^) . 

As a consequence, the function {A, B) —> hom ^ [B, A] defines an CA-cobased category and, in addition, the maps 
A hom^ [B, A] Or B provide a coevaluation notion. (We must mention that the last notion is not compatible 
with cocomposition and counit -see the comments before Eq. because in general, hom ^ [1C, A] A). 

3. Twisted tensor product of quantum spaces 

In this chapter we define a twisted tensor product structure on quantum spaces in a way intimately related 
to the corresponding algebra case, following the developments accomplished in ref. PP . In doing so, we firstly 
redefine the twisted tensor products on the category k—Alg (with respect to its usual monoid ( 8 )) in geometric 
terms. 

3.1. The twisted tensor products of algebras and the geometric language. Given an algebra (A, m, 77 ), 
m denotes its associative product and 77 : k ^ A its unit map. The unit element of any algebra (including k) 
is denoted by “ 1 ”. 

Given A,B G k—Alg, the set Homt-Aig [A, B] of algebra homomorphisms is also called the set of ^-points 
of A. This terminology is adequate when we are thinking about A and B as the coordinate (or function) rings 
of certain -noncommutative- spaces. It says that a B-point of A is generic if it is defined by a monomorphism 
A ^ B; and two B-points a : X —> B of X and /3 : Y —> B of Y are commuting if 

a[x)- P (y) = p{y)-a (x), Vx gX, \fy G Y, 
or 

[a, P]g = (tob - TOb ) (a /3) = 0 . 

Let us express in these terms the definition of twisted tensor products of algebras given in PP . 

Definition 1. Consider a pair of algebras A and B. The twisted tensor product (TTP) of A and H is a 
triple {C,iA,iB) where C is an algebra, iA is a generic C-point of A and is is a generic C-point o/B, such 
that the linear map 

if = me {iA‘S'is) : A (g) B ^ C 

is an isomorphism. A morphism of TTP’s (C,z^,7b) ^ {C',i'^,i'g) is given by an homomorphism of algebras 
p : C ^ C, with piA = *(4 and pis = i's- ® 

Given algebras (A, m^, Pa) (B, examples of these objects are algebras A (g,- B built over the 

vector space A (g B with product and unit map 

niAigiB = {nxA g mB) {Ia®t® Ib) ; Pa®b =Va^ Vb, 
being r:BgA^AgBa linear map satisfying 

/o ^ i'^B 0 Ia) = {IA ® rriB) (r (g) Ib) {Ib ® r ), 

r (Ib 0 tua) = {ruA 0 Ib) {Ia 0 t) (r g) Ia) , 

^Note that ip = {a o I) ip and Eq. 12.81 implies ip'^ = {a o I) . 

^^Such relations turns end [A\ into a commutative algebra e [A] whenever A is commutative. 
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and 

(3.2) T {Ib = Va'^ Ib] t {riB Ia) = Ia^Vb- 
The generic A (g),- B-points correspond to the usual inclusion of algebras 

JA = lA : a '—*■ o (g> 1, = is : 6 I—> 1 (g 6. 

The maps r (satisfying Hd.lll and Id. 211 1 are called twisting maps. Essentially, these are all of TPP’s, namely: 
any triple (C,ia,*b) is isomorphic to a unique triple of the form (A (g,-B, Ia, is), i.e. there exist a unique 
twisting map T:B(gA—>A(gB such that 

(A (g^ B, u, is) (C, iA, iB) 

(for a proof see ^). The isomorphism is given by (/? : A (g B C and r by the equation 

(3.3) T (& (g a) = (iB (b) ■ iA («)), a € A, 6 G B. 

In other words, the equivalence classes of TTP’s are in one to one correspondence to twisting maps. 

We often refer to a TTP of A and B as an algebra A (g,- B (omitting the canonical inclusion maps), being 
T some twisting map. 

Any triple (C, 4, iA) or (C, ia, *k) (remember that k is a unit object for the monoidal category (k—Alg, g)), 
because of the Eq. (E3, is isomorphic to the algebra A, i.e. AgT-k = kgT-A = A for all twisting map r. 

We shall see that the canonical flipping map Tq, To{b ® a) = a (E) b, is related to the TTP’s with commuting 
generic points, as it could be expect and is implicit in pQ. This class of TTP’s belongs to the class of the usual 
tensor product of algebras A g B. 


Proposition 1. Given a pair of algebras A and B, the set of twisted tensor products {CGaGb) such that 
[iA,iB\c = 0 > iA and iB are commuting points, form an equivalence class whose associated twisting map is 
the flipping map. 

Proof. Let (C,iA,iB) be a TTP of A and B. By the above theorem, there exist a unique twisting map 
r (6 g a) = {iB (b) • ia (a)), such that ip defines the algebra isomorphism A g,- B C, satisfying 

p\A = iA and p ib = iB- 

Therefore, if [iA,iB]c = Oj 

r (5 g a) = p~'^ {iB {b) ■ iA (a)) = P~^ {iA (a) • fs {bj) 

= p~'^ {iA (a)) v P~^ {iB {b)) = iA (a) > is {b) 

= (a g 1 ) -r (1 g 6) = a g 6 

where we are denoting “ • ” for the product in C and “ ” for the one in A g,- B. The last equation means that 

r is the canonical flipping map. | 


Therefore, it can be stated that those twisting r different from flipping map give rise to a (direct) product 
space where the points of each factor do not commute among themselves. 

For latter convenience, we will characterize the classes of TTP’s with bijective twisting maps. 


Definition 2. Let {C,iA,iB) be a TTP for A and B. It will he called symmetric twisted tensor product 
(STTP) provided the linear map 

p°P = me {iB ® iA) : B g A ^ C 


is a bijection. ■ 


Proposition 2. The class of a STTP corresponds to a bijective twisting map, and viceversa. 

Proof. The twisting map related to {C,iA,iB) is r = p~^ p°P, as it can see from (Id.dt . Then t is bijective iff 
p°P is a bijection. | 


In these cases p°P defines the algebra isomorphism B g^o? A i:: C, with 

= {p°P)~^ p = {p-^ p°P)~^ = T-f 

In particular we have B g,--i A A g,- B. 

Now we shall rephrase the above definitions for quantum spaces. 
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3.2. Twisted monoid on FGA’s objects. The monoid o stems from the usual tensor product being AoB 
a subalgebra of A® B. This enables us to introduce a natural definition of TTP on quantum spaces as follows: 

Definition 3. Let A = (Ai, A) and B = (Bi,B) be two objects o/FGA. A TTP of A and B is a quadruple 

c=(ci,c), 

with C a subalgebra of C, and Ia and is are generic C-points of A and B, resp., such that the linear map 
if = me {iA^is) is an isomorphism, with the additional condition that its restriction to Ai ® Bi gives 
(fii : Ai ® Bi ic Cl. A morphism of TTP’s is a morphism of algebras p : C —> C', with piA = i'a) P^b = 
and p(Ci) C C'l, i.e. p restricted to C defines a morphism C ^ C. I 

Proposition 3. Any quadruple {C,C,iA,iB) is isomorphic to a unique one 

(A B,A®r BAaAb) , 

where t is a twisting map, Ao^. B = (Ai ® Bi, A o,- B), and A o.^. B is the subalgebra o/ A B generated by 
Ai ® Bi. The isomorphism is given by ip, the associated isomorphism of quantum spaces is 

■ Ao^ B ^ C, 

and again t {b^ a) = (p~^ {is (b) ■ iA (a)), a € A, b € B. 

Proof. It follows from the (general) algebra case. | 

Since this is a one to one correspondence, we often refer to TTP’s of A and .B as a quantum space A o^. B, 
being r some twisting map. 

Remark 1. Analogously to the previous section, any quadruple (C, C, Ia, *ik) is isomorphic to A, because AotT = 
I 0 ^. A = A for any twisting map {remember that X is a unit object for (FGA, o)). The same is not true for 
the unit element K of (CA, o) {and every (CA'",o)), because the underlying algebra of JC = (k, k[e]) is not just 
generated by the unit element {as the object I = (k, k)), but for the set ■ 

Respect to the relationship between commuting points and the monoid o of quantum spaces, we have: 

Proposition 4. Given A,B G FGA, the set of TTP’s (C, C, iA^B) such that *b]c = 0, form an equivalence 
class with associated twisting map equal to the flipping map. In other words, the above set is the equivalence 
class of AoB. ■ 

It is worth mentioning that the underlying vector spaces of A B and AoB (subspaces of A ® B) do 
not coincide in general^^ (while for the algebra case we have the equality of vector spaces A ® B = A ®t- B). 
Nevertheless, let us consider the symmetric analogous of TTP of algebras: 

Definition 4. A symmetric twisted tensor product of A and B, is a twisted tensor product {C,C,iA,iB) such 
that 

ip°P = me {iB ®i a) : B ® a ^ C 

is a linear isomorphism which restricted to Bi ® Ai gives Bi ® Ai ic Ci. ■ 

As in the algebra case we have Ao^. B B o^-i A. 

A direct consequence of the above definition is the following. 

Proposition 5. The class of an STTP corresponds to a bijective twisting map such that 

(3.4) t(Bi ® Ai) c Ai ® Bi, 

and viceversa. 

Proof. As in the previous section, the twisting map related to (C, C,iA,iB) can be written r = (p~^ from 
which we see that r is a bijection iff ip°'P is a bijection. On the other hand, 

(pr (Bi ® Ai) = (p°P (Bi ® Ai) C Cl 

iff Eq. 1231) holds. I 


is enough to take, for A = Af and B = B®, a twisting map r:B(S)A—J'A^B satisfying ED, and in some complement 
1*^ ofl = B(8)k + Ik0A (k = Aq, Bq), to put t|jc = 0. Hence, we will have A 0 ^ B = k, clearly distinct from AoB. 
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We call symmetric twisting maps those r’s related to STTP’s. They are completely defined by isomorphisms 
tIbi^Ai : Bi 0 Ai Ai 0 Bi, since properties eu and E 2 )- For convenience, we often write the above 
maps as 

T : Bi 0 Ai Bi 0 Ai, 

using the flipping map Tq to reorder the factors, i.e. t = ToT. Therefore, given a pair of basis {oi} and {bi} of 
Ai and Bi, resp., we have r defined by 

T{bi 0aj) = bi 0afc, 

where we are using the sum over repeated indices convention. 


Example. Consider a pair of quadratic quantum spaces A and B, such that, in terms of basis {ai}}^^ and 
of -^1 resp., the kernel of the associated canonical maps Af ^ A and Bf ^ B are generated 

by subspaces 

span [A^j Ofe 0 ai]" C Af^ and span bk 0 ^ Bf^. 

Taking an invertible matrix t such that there exist A and satisfying 


ni ni = AIJ and ^ B^ 


we get a STTP Ao^ B. (Such matrices A and 0 insure r preserve the ideals.) For example, calling A and B the 
endomorphisms Af^ ^ Af^ and Bf^ ^ Bf^, defined by the coefficients A^- and B^- (on above basis), resp., 
any pair of linear isomorphisms a : Ai sc Ai and /3 : Bi sc Bi such that [A, a® a] = [B, /3 0 /3] = 0, give rise 
to a symmetric twisting map r with f = f3 ® a. In fact, for such a case we can take 


A tfei _ ^ti 
' ri ' sj 


and 


Qtkl _ ^Is c:kt 

J I jrp > ig • 


Now, the main properties of STTP’s. 

Proposition 6. Given a symmetric twisting map t on A and B, the underlying vector spaces to A o^'B and 
A o B are equal. Moreover, the related filtrations of the algebras A B and A o B coincide. 

Proof. As in the example above, let us indicate by {ai} and { 6 ^} a pair of basis for Ai and Bi, respectively. 
The underlying vector space of A B C A 0 B and A o B C A 0 B are generated by the words written with 
elements {ai 0 bj} under rn\,^g and mA 0 B- If we write ai 0 bj = ab, mA®B = ■ and nif^^g = -t, those words 
are related by 

(3.5) ab -r ab v ... -r ab = T ab ■ ab ■ ... ■ ab, 

where F is a matrix constructed from r by using successively Eq. (in any order, because both products 

are associative). Because r is invertible, F is also invertible. Then, we can write ab ■ ... ■ ab = F”^ ab -r ... -r ab. 
Hence, any element of A o,. B is an element of A o B, and viceversa. 

The proof of the last statement is immediate from Eq. 13.511 . I 

Proposition 7. Given A and B in CA, a STTP A 0 ^. H is in CA. Moreover, the related gradations of Ao^. B 
and Ao B are equals. 

Proof. The symmetric property of a twisting map r : B 0 A—>A 0 B, where A and B are graded algebras, 
insures that r (B„ 0 Am) C Am 0 B„ (which can be seen by direct calculation), and so the product rn\^g 
satisfies 

^A^B (.A-n 0 By,^ 0 Am 0 Bm) — {piA 0 nij^'j (A^ 0 T (B,^ 0 Am) 0 Bm) 

0 AnJ^-m 0 Bj^+m- 

Thus, as a vector space A B = 0^ A„ 0 B„ and 

(A„ 0 B„) V (A m ® Bm) 0 AyiAm ® 

as we wanted to show. | 

To conclude this section, let us observe that, in view of last proposition, to define a STTP of conic quantum 
spaces A and B is the same as fixing a particular algebra structure on the graded vector space A o B, such that 
Ai 0 Bi is the generating subspace. That means, given a symmetric twisting map r, the conic quantum space 
Aot-B (and in particular AoB) is an object of GrVctk (the category of graded vector spaces and homogeneous 
linear maps) with an additional structure. Hence, defining on GrVctk the monoidal product 

VoW = 0 V„ 0 W„, 
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for V = V„ and W = W„, the forgetful functor Sj : CA ^ GrVctk turns into a monoidal one, 

and the equalities 

B) = f){Ao B) = SjA o SjB = A o B 

hold for all twisting maps r. 


4. Twisted quantum matrix spaces 

In this section we finally study the consequences of replacing o by o^. in maps A ^ Ti, o B (the diagrams of 
{A i CA o B)), obtaining in this way the categories mentioned in §2.2. Because CA Ot B is no longer a 
functor on CA, this change cannot be performed in the framework of comma categories. However, one is able 
to define arrows A ^ TL o^. B (which essentially give the objects defining in terms of the morphisms 

SjA —> SjH o SjB in CrVctk- Hence, the comma categories'^ (ijA j (CA o H)), where Sj{GAoB) is the 
composition of the functors CA o B and ij, will be the cornerstone in the following construction, since we will 
define the categories as full subcategories of them. 

4.1. The categories T'. As we made at the end of §1.1, for every {(p, H) in (ijA j Sj (CA o B)) it can be defined 
the surjection : BJ (g) Ai ^ Hf, such that JA ®ai i—> £ Hi, and a related functor : (ijA [ f) (CA o B)) 

CA such that 

(4.1) S ( A , n }= n '^ = ( Hf,Hn ; 

where is the subalgebra of H generated by (Note that in general, has not relation with the image 
of ip.) 

Now, consider a linear bijection 

(4.2) r : Bi g) Lin [Bi, Ai] sc Bi g Lin [Bi, Ai], 

associated to A and B. Eventually, it could be defined on Bi g through : Lin [Bi, Ai] ^ Hf in such a 
way that the diagram 

Bi g Lin [Bi, Ai] Bi g 

I 

1 

Bi g Lin [Bi, Ai] —» Bi g 

be commutative, and extend it to all of B g 'HA as a symmetric twisting map using the properties EH and 

EH. 

Definition 5. For every pair A,Bg CA and every linear bijection t (as in Eq. El), we define as 

the full subcategory of (SjA I Sj (CA o B)), associated to t, formed out by diagrams (p, hi) such that t defines a 
symmetric twisting map for ^ (p, TL) = "HA and B, and the homogeneous linear map p is a morphism of quantum 
spaces A —> B. ■ 

Civen now a collection {ta,b]j^ BeCA linear bijections, we name T' the disjoint union of the categories 
TA,B defined above. Clearly, CA° is a category T with associated collection 

A.B Iri ,Ai], '^AjB £ CA. 

Moreover, calling ijCA° the disjoint union of (SjA i Sj (CA o B)), it follows that any T' (in particular CA°) is 
a full subcategory of ijCA°. This sets CA° and a generic T' on an equal footing. 

Theorem 2. Each category C T' has initial object. 

Proof. Given A and B generated by linear spaces Ai and Bi with dimAi = n and dimBi = m, the initial 
object of is a pair 

j^ B,honT [B, A]^ ; hom ^ [H, A] = (Di, D); Di = span 

Also, (5^ g = (5 is defined by the injective linear map Si : ai zf G) bj. Let us show it. 

Because of Lin [Bi, Ai] i;: Di, ta^b = t can be extended to all of Bf g Df as a symmetric twisting map 
r® : Bf g Df —> Df g Bf, and i5i extended to an algebra homomorphism i5f : Af —> Df g^® Bf. We are 

^^Its objects are pairs {tp, H) where W G FGAq and ip is an arrow in GrVctk, 

p : SiA ^ SiiH o B) = m o SlB. 
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going to build up an algebra D as a quotient of Df, such that the linear map r:B( 8 )D^D(g)B and the 
algebra homomorphism A —s- D B, given as the quotient maps of r® and (5f, respectively, are well-defined. 

For J = ker [Bf ^ B] consider some complement J'^, such that J © J'^ = Bf. Let ^ linear 

generators for I = ker [Af -» A] and indicate by a basis for J°. Then, we can write 

(4.3) (if (/A)=d^©J“ + ..., 


where G Df are linear combinations of monomials in zf, and “...” denotes terms contained in Df © J. On 
the other hand, given a set of generators {JgjggQ for J, and basis {&s} 5 gs > 

resp. (given the latter, for instance, by monomials on Bi and Di basis elements, being S and R the obvious 
multi-indices), let us write 

(4.4) r®(Je©ZR) = (i^(^©J^, + ...; r® ( 6 s, © C) = C.’C ®+-■ 


Evaluating r® on 65 , © and 653 © ^sfC> evaluate the part of the result contained in Df © J“, and 
so on, one arrives to (repeating the process m times) 




and 




Defining in Df the bilateral ideal L algebraically generated by the set 


(4.5) 




.1 


rgr 


Sm-l,d,Jij g^Q 


e U 


-^■'}a€A 




mGN,S€S 


(where for to = 1 the subindexes S’s disappear) we get for the algebra D = Df j L the symmetric twisting 
map r;B©Di 2 D©B and the algebra homomorphism 6 : A ^ D o,- B, given by the linear maps r and 
Ui ^ zl ® bj , respectively. 

From the gradation of I and J, the ideal L inherits a graded structure. Thus 'Db,A = R = (Di,D) G CA 
and S defines the morphism of quantum spaces A ^ “D o^. B (in particular, an homogeneous linear map). It is 
obvious that V — ^ {5,7)) — , so {S, V) is a diagram of The initial character of ((5, V) is immediate. | 


Observe that above result does not involve the gradation of the algebras, so it can be extended to the general 
case. Consider the category of pairs (Ai, A), with A G Vctk and Ai C A a linear subspace of A, and the related 
forgetful functor h : A ^ (Ai, A). Let us construct the comma categories (hA J, h (FGA o B)) and their related 
disjoint union hFGA°. Its objects are diagrams (tp, 7f), with Ti G FGA and ip a linear map A ^ HoB satisfying 
if (Ai) C Hi © Bi. So, we can define a functor f : hFGA° ^ FGA, as in Eq. 14.111 . with f {ip, Ji) = RA, and 
define full subcategories T' C hFGA° associated to collections {r}, whose objects are diagrams (tp, G hFGA° 
such that ip gives the arrow A —> f (tp, 7i) OrB. It can be shown (directly from the proof of the previous theorem) 
that each has initial objects. However it is not clear for us how to endow this T' with a semigroupoid 

structure, as we will do for the conic case. 


4.1.1. The initial objects and the geometric interpretation. As at the end of §1.1, for every initial object 

Rb.A there is an epi Vb.A ^ j? (y>, 7f), V {(p, Ti) G Thus, the opposite of any ^ {ip, Ti) can be regarded as 

a non commutative subvariety j? {p, Ti)°^ ^ "^°b A- 

Following cni, we develope this idea in the terminology of C-points. Fix a couple of quantum spaces A, B 
and consider the initial object Rb.A — T)oi Suppose an algebra C and a pair of C-points is and jd, of 

B and D, are given, in such a way that 


iB {bi) ■ in ( 4 ) = (C) • {bj) ■ 

We are denoting by “ • ” the product of C. If we write is {bi) = hi and io (^zl) = z(,, then the equation above 
says 


(4.6) 


I ^jlm r 

zl = tLi. zf 


That means is and io are non commuting C-points, and the non commutativity is given by a symmetric 
twisting map defining Since the last theorem the map ia = {in • is) 5, given by 

lA {aj) = SLj = bfc G C, 


defines a C-point of A. Moreover, 
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Theorem 3. Consider the quantum spaces (Ai,A) and (Hi,H), with 

Hi = span , h'; e H, 

an algebra C, and C-points in ■ bj bj and in ■ hj satisfying Eq. ( 17^ {changing z by h). Suppose in 

addition that is is a generic point. Then, the map aj S Ai h* • £ C can be extended to a C-point of A 
iff the assignment Zj i—> h^ defines a C-point o/D. 

Proof. Suppose Oj i—> h^ • can be extended to a C-point of A, and call iA such a map. Let us come back 
to the proof of previous theorem. There, for instance, we denote by I\ an element of the ideal I related to A. 
Here, we will identify Ix with its projection (by H) over A, so Ix = 0. Applying an analogous criterium to the 
other symbols, we have from Eq. that 

0 = ZA ih) = iH {dt) ■ is (j ^). 

Now, the symbols £ H represent linear combinations of monomial in hj. They are formally identical to the 
ones in D (we just have to replace z hy h). Since zs is a generic C-point, the elements zb (J°) are linearly 
independent, and consequently each in {d^) must be the null element. Similarly, from (14.411 follows that 

0 = Zb {Je) ■ in (ha) = in > 

and for the same reason, in (fdg^a) ~ equation above can be seen as the result of passing in {ha) 

through is {Je) using Eq. (14.till (replacing z by h). Following that process, we finally arrive at the equations 
(see Eq. (63) 

(4-7) *H (^dsu...’s))!-i,e,a) — ^ ’ 5 ^- 1 ,a) “ 

That means, the elements zb {hj) = hj G C must satisfy unless the same relations that have to satisfy the 
elements Zj gT). Thus, z^ 1 —s- hj extends to an algebra homomorphism. 

Reciprocally, if Zj 1 -^ hj extends to an algebra homomorphism, then the elements must satisfy unless the 
relations 63, what implies that aj 1 —> b^ • is a well defined C-point. | 

Thus, this theorem is simply another way to express the initial property of T) in the category Note 

that again, the gradation has not been used. 


4.1.2. Factorizable bijections. We can see from Equation (lOll or (63 that the algebras D could be very small. 
Things change by considering special classes of twisting maps. 

We say that a collection a,b\agCA factorizable if there exists another collection 

{cta}agca> (Ja ^ Aut[Ai], 

such that 

ta,B = idG^ (g) CTA : Bi 0 Bj' (g) Ai ic Bi (g) B* (g) Ai. 

In that case we say ta,b is a factorizable bijection. 

As an example, consider A and B with A ic A® j I and B sc B® j J, and ideals given by Eqs. (11.1011 of §1.3. 
Let us take with associated factorizable bijection ta,b as above. The algebra D will be 


(4.8) 





n,m 

D = 

span 

4 



L, 


being L the ideal algebraically generated by the elements (compare to Eq. (II. 1311 ') 


(4.9) 


nki...kn 

^ki ' ^k2 




ip = [Pt i} WY. 


An G m £ N, rz £ Nq. In addition, if a a and a a can be extended to A and B as algebras 

automorphisms, the ideal defined by Eq. 63 reduces to the one defined by the elements 



P2 


5(2)13 5("-l)jn 




■h 


Art G An, £ Al„, n £ No, as we will show in §4.2.2. 
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4.2. The semigroupoid structure of T'. We begin this section with the following observation: .^CA° has a 
semigroupoid structure given by the partial product functor 

(4.10) {ip^U) X {x,Q) ^ {{Ih ox) ax 13 ^ao 13, 


with domain 

V (ioAiJo(CAoC)) X (ioCiio(CAoS)), 

A,B,C^CA 

and codomain X)GA°, and CA° C i^CA” is a sub-semigroupoid. Its associativity comes from that of o, and the 
unit elements are given by the diagrams /C), where is the homogeneous isomorphism A i;: k [e] 0 A, such 
that a e" 0 a if a G A„. Finally, it is immediate from Eq. eu that CA° is a sub-semigroupoid of i 3 CA°. 

Nevertheless, for a generic collection of linear bijections, T' fails to be a semigroupoid. To address this 
problem, we shall consider particular collections of twisting maps. 

Given a pair of linear endomorphisms a and (3 on vector spaces G>iei'Vi and (J a set of indices), 

respectively, we shall say that a is strongly congruent to (3, and note a ^ /3, if there exist a family of isomorphisms 
: Vi Wi, Vi G J, such that 

a = (®ie/ C^) (3 Ci) • 

A collection bgca linear bijections (lOl will be called global collection when 

TA.B Ai Cl and Bi x: Di. 


Note that two r’s are strongly congruent iff there exists basis on the respective linear spaces such that the 
matrices defined by the maps r’s on these basis coincide. Hence, the equivalence classes can be represented by 
a collection {rn,m}„ higNo invertible matrices rn,m G GL (m^ ■ n) or linear isomorphisms 


Tn.m ■ k™ ® k”"" ® k" k’" (g) k”"" (g k". 


In particular, for a factorizable Tn,m we have Tn,m = idm G ^ g Un, with £ GL (n) or an '■ k" k"; in 
indices 


[Tn,m ]Wnfk ■ 

In these cases the equivalence classes are given by a collection 

In working with a global collection, it can be regarded as the replacement of the category EGA by another 
one formed out by pairs (n, I), where n G No and I is a bilateral ideal of [k"]®, with arrows (n, I) ^ (tn, J) given 
by linear maps a : k" —> k"" defining a inclusion a® (I) C J. 


4.2.1. The CA-cohased categories. Now, let us present main result of this section. 


Theorem 4. If the category T' is associated to a global collection, the following statements are eguivalent: 

a) T' C ijGA° is a sub-semigroupoid. 

b) The collection that defines T' is factorizable. 

Proof. • a) ^ b) Gonsider A with dimAi = n. If every is a submonoid of j (GA o A)), then 
((/ o 6) 6,1) oV) G and in consequence {I o 6) 6 defines the algebra morphism 


(4.11) (/o,5) (5: A^ (DoD)g^A 

with (I o 6) 6 {am) = z'f, ® zl. G) ai. The twisting map r, given by a matrix Tn,n = Tm is 

(4.12) rx [ai g {zf^ g z\)] = [Tn\f^ Ofc g (z)) g z^) . 

Note that r is only defined on S’ {{I o 5) 6,1) oV), given the latter by the subalgebra of D o D generated by 


(4.13) 
Since Eq. 


span 


E- 


(14.1111 and (14.1211 . {I o 6) 6 applied to 


E)z’f 

J 

) aj gives 


C Di g Di. 





{zf • g zE ^9 g Or ■ a/s) = 0. 


Because this eq. must hold for all A G CA, in particular for those A defined by free algebras, 

(4-14) [Tnjtyj [TnTfpi = 3161 [Tn]lfj , Vn G No, 

is necessary from the global character of the considered collection. On the other hand, due to is a submonoid, 
the unit (EE) of (f)A i Sj (CA o A)), is also a unit for T-^. In particular, E must define the isomorphisms 
A x: ICoA and A sc /Co.,. A (for all A with dim Ai = n). Since the map E for (Ei A) is given by an isomorphism 
k g Ai s: k g Ai such that 
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it is easy to see that with (a* ®e)=T^ak® e. This immediately implies that defines the 

above isomorphisms iff 

(4.15) = <5^4. 

The solutions to Eqs. 14.1411 and 114.1511 (see lemma at the end of this section) are 

Tn = idn ® ® CTn with an & GL {n) / ZaL(n), 

or in indices [rn]f 4 = ^ 

We now address the general case. Let B and C be quantum spaces, and basis {ci}4i ^^*4 

Cl. We shall note (S,!)) and (S'jV) the corresponding initial objects of and T®’*', respectively. (Again, 
the indices will run on the range that correspond to their associated dimensions.) Because of 

{{loS') 6,VoV') e 

the map (/ o S') S gives rise to the algebra morphism 

(4.16) A ^ (D o D') (g),-C ; am ^ {z')\ ® ci, 

with twisting map r given by (it is valid the same observation that leads to Eq. (I4.ldll 1 


T A,C 


Ci ® (4 ® (z')t) = b'n,p]fjp Ck ® [zl ® 


To be (/ o S') S an algebra morphism defined by (I4.16II 


1 six 


W/3q 


[Tn,m\kyj 


SlSl (zf • {z')l ® zf ■ (z')q g = 0 

is necessary. Asking that the above eq. holds for all A,B,C G CA with the associated dimensions n, m and p, 
we need 

[Tn,m]l% ['^m,p]3 = , Vn, m, p G Nq. 

We can solve these equations in terms of the solution of the case n = m = p. Taking n = p, the last eq. can be 
written 

(4.17) [rm^nTf;, = KIJ , 

and contracting x with p and a with s, it reduces to 

(4-18) i^»,n.iS 

Changing n by m (and reordering indexes) it is obvious that Tn^rn and rm,n are mutually inverses. Therefore, 
multiplying gn to the right by and contracting r, q, P, 


I SWX CU cv 


n.mlkyj 


sy; = si[anr, WA 


Iy3 r -iUWV 

Vn,m\a,yij 


is fulfilled. Contracting u with a and p with v, and defining 

lA]: = i Pnt [rn.™] 


m 


ay(3 


it sees that [xnAkyj = [c^n]J; and changing n by m, 

r -iswx cs [o 1^ r 1^ 

Um,n\kyj — Sk [Pn\y FmJj . 

Now, substituting the last two expression on lOa . it is straightforward to show that Pn — and Pn\ — i 7 m, 
therefore 

Tn.m = idm g CTm g Cn, On G GL (n) , (Tm G GL (iTl) . 

• b) => a) Let us suppose that T' is defined by a factorizable collection of bijections. Consider again the 
quantum spaces A, B and C, and diagrams (</?, H) G and {tp, Q) G T®’*', with associated linear spaces {via 
the functor jj) 


Hp = span 


hP 


LJ = 1 


and G]^ = span g( 


m,p 

j i,j=I 


Denoting by h and g the matrices with entries ^h {| C Hp and |(7 Gi, respectively, and by a, b and c the 
vectors whose components are {oi} C Ai, { 6 ^} C Bp and {ci} C Ci. Then, we can write 

TA.B : b g h i—> b g h and tb,c : c g g c g g 

being h = (Tn . h . cr“^ and g = a^n • g • where “ . ” indicates matrix multiplication (respects to the chosen 
basis of Ai, Bp and Cp). There is not contraction between the above matrices and vector, unless we include 
the symbols “ . ” or “ g ” in expressions where they appear. 
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It must be shown that {{Ih ox) Q) is an object of which is true if and only if [In o x) define 

the arrow A —>■ {'H o Q) o^. C, with r given by which in the basis above is defined by the assignment 

T^fi : c (g) (g) 1 -^ c (g (g) g^ 

Let us see firstly that tx,c can be effectively extended to a twisting map r from C g (H o G) to (H o G) g C, 
and then that [Ih o x) ^ defines the arrow above. Such an extension would be given by 

(4.19) T : Ci...Cr g hi...hs g gi...gs g gfL. g^’’^ g Ci...Cr 

where the h^’s are copies of h, the contractions are done between hfc’s and g/’s with k = I, and = 
(cTn)*^ • h • (cm)”^ (idem g). From expression 14.1911 . it can be checked directly that t is well-defined as a linear 
map (to this end we can further extend r as a map on Cf g (Hf g Gf), changing in 114.1911 the symbol “ g ” 
by “ g ”, and show that t respects the involved ideals). At this point the conic character of the spaces we 
are considering is crucial. For general quantum spaces the map r given by (Onil may be not well-defined (see 
Appendix). Now, it follows from straightforward calculations that {Ih o x) ‘P (s-ii homogeneous linear map 
A^HgGgC ) is a morphism A ^ {H o Q) Ot C. 

Finally, we observe that units K) are objects of T^. So, the theorem has been proved. | 

Remark 2. We see from proof above that, for T' to be a sub-semigroupoid of f)Ck°, factorization property is 
a generic condition we must impose on the collection {r}. Thus, for global collections the mentioned generic 
condition is needed in order to have the inclusion T' C i 4 CA° of semigroupoids. I 

Observe that, in proving b) => a) the global character of the associated collection that defines T' is not 
involved. So we can enunciate the following corollaries (without proof). 

Corollary 1 . Any category T' associated to a factorizable collection is a sub-semigroupoid of f)CA°. ■ 


We call Ox the partial product associated to such a semigroupoid. Because the embedding : T' ^ CA, 
such that {ip, TL) ^ TL, satisfies ox = o (ip^ x ip^) and ip^ JC) = K, (see §2.2), it follows: 

Corollary 2. For every factorizable collection, the function 

{A, B) ^ hom ^ [B, A\ sc G CA 
defines an CA-cobased or QLS-based category with arrows {opposite to) 

hom ^ [C, A] —> hom ^ [B, A] o horri ^ [C, B] 
the cocomposition, and for end^ [A] the counit epimorphism 

end ^ [A] -» /C / i—> e, 

and the monomorphic comultiplication 

end ^ [A] ^ eruf [A] o end ~^ [A] / zf ^ zf g z^. ■ 

Now, the annunciated lemma to conclude proof of above theorem. 


Lemma 1. The solutions to Egs. EI3 and l ICT ) are given by 


1 kla 


Mj- CTn GG GL{n) /ZaL{n)- 


Proof. We want to solve equations 

(4.20) 
and 

(4.21) 

The solutions will be of the form 


r r fdg 

P^ikyj Vnlapl 


5151 


r(3x 
apj ’ 


r 1 kla ck cl 
— 5i 0/3- 


(4.22) 


] six _ cs nxl 

\kyj ~ ^k^jy' 


In fact, contracting p-q in (lonii we have, using (lOTll . 


r -[Slx cr _ 

kyj ^ot 


rlx 
otyj ' 


Then, taking a = r, we arrive at the equality [TnYi!yj = 51, 1 < r < n (without contraction in r); hence, 

we can define 9^y = [TnJryj and obtain KT3 . 

Inserting (14.2211 on (14.2011 and (14.2111 . the latter reduce to 

alx n/Bq _ cq odx_ nla _ cl 
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If we define = O^'Jy/n, and contract q-y we have Vjivfy = contracting l-P in the 

latter, both equations reduce to rj^ = rj and try = 1, regarding y as an x matrix. The condition y'^ = y 
says that y is diagonalizable and has eigenvalues 1 and 0. If it has nx eigenvalues equals to A , A = 0,1, then 
try = no ■ 0 + ni ■ 1 = ni- But tr y = 1, so ni = 1 and no = — 1. In particular, y can be diagonalized to a 

matrix d = diag„ 2 (l^ 0,..., 0) through some invertible matrix x, i.e. 


Coming back to 9 we can write 
have 


= ^\] ^)n ■ 

B\i = nxjj and defining [cTn]* = 


and [o’njJ' = (>«• 


we will 


= [-n]^ [a„]'= 


But 0?/ = 


SO (Tn 


= 5 


I.e. 


nj; • 

CTn = 0 -“^. Thus, Tn IS a Solution of (Onil and only if 


■islx 

Ikyj 


, = SI [ant [Un]^ 


for some an £ GL (n). Reciprocally, if an £ GL (n), it is easy to see that last expression for Tn gives a solution 
for (14.1411 and (lO^ . I 


4.2.2. Factorizable collections given by a family of automorphisms. We are going to study the case in which a 
given factorizable map 

TA.B = id®p®(j), (j) = aA, P~^ = as, 

associated to is such that tr^ : Ai x: Ai and as '■ — Bi can be extended to quantum space 

automorphisms A ^ A and B ^ B. 

Consider A and B with related ideals I and J given in Eq. (trinii . and define another ideals, namely 1 ^ and 
Jcr, linearly generated by 


respectively, being 

(4.23) 

(4.24) 


ff I I U^S^^^ -’^-bk,...bA ] 




qki...kn 




Of course, Icr x: I and — J. Therefore, (Icr))J( — ly); and {3a)n — Jn ■ lu particular, the spaces (J^)))) will be 
generated by the set 


tJ- 




so we can define 
(4.25) 


isAz...n=f^tApX-Ap-rk: {sa:u- 


Proposition 8. If a a ■ Ai x: Ai and as ■ Bi x; Bi can be extended to quantum space automorphisms A^ A 
and B ^ B, we can define 

twrnt [S, A] = B^ > A"*", 


A^= (Ai, Af/I,), (Bi,Bf/j,), 

and for A,B £ QA (or any CA"*, m £ N), see Eq. (IJ..9II . 

homt [B, A] = • A^. 

In particular, hgrrt [A, A] = A^. 


Proof. The maps a a and a^ can be extended to algebra isomorphisms iff for every n £ N there exists numbers 
Al 


G 


’s and 


(4.26) 


’s (defining invertible matrices in GL (A„) and GL (d),^ 

tk\...kn lit lir,. 


resp.) such that 


Rl 


Pit 


= g: 


jA]- 

A' 


nki. 


{pAI-Ap-A^ 





(4.27) 
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In such a case, because cr^ : A* AJ and Ug : B* B* could be extended to algebra homomorphisms A' A' 

and B' ire B', we will have, in particular (for B), numbers E^^’s such that 


pUpII-pII 

Remember that for a factorizable map the underlying algebras of the initial objects of are isomorphic to 
the one given by Eqs. (ICT and lICT . Hence, from and the last eq., it is obvious that (as we affirm in 

§4.1.2) Eq. (14.911 reduces to 

I4; ■ t - 4r'’'" (sb":,, 


UJn 


where we have to read zf = IP ® ai. This means that L is generated by 




Jn 

^k2 ■■■ 


(•sb":.,.} 


An^An 


ijJn 


nGNo 


n^No 


and immediately that D sc ( Bf / Jo-) o ( Af /1^) • 

To show the equality = hom ^ [/C, A], it is enough to realize that ct/c : k sc k always can be extended to 
an automorphism JC^ 1C and always = 1C. So, IC^ o = A"*". In particular, horrr [1C, 1C] = 1C. | 


As an example, let us take A = B = Ar, i.e. the quadratic quantum space generated by Ai = span 
and restricted to relations 

(4.29) 1r = span [i?fj ak®ai- aj ® a*] , 

being R = Rsu{n) j the R-matrix related to the Lie algebra su (n) and the quantum groups GLq (n) and SLg {n) 
m Recall that GLq (n) is a quadratic bialgebra generated by symbols T/ satisfying 

(4.30) R^l TJCTl^ - 

It coacts upon Ar through the map ai i—> 0 a^, and consequently, GLq (n) defines a diagram in the category 
(A i QA o A). It follows from the initiality of end [A/j] that there exists an epimorphism end [Ar\ GLq (n). 
Now, for the bijection = id® (j)~^ ® (j), with cj) = : Ai —> Ai given by an invertible diagonal matrix, 

we have that [R, 0 <()] =0. Then, Eq. (14.2011 holds, and 

end^ [Ar] = ((Afl)^) • (Afl)^ = A!-^r • A^r. 

Moreover, since straightforwardly A^r = Ar4>, being 

= Rtu{n) = ® Rsu{n) {id 0 4>) : 

it follows that 

end ^ [Ar] = A’^^ • Ar<i, = end [Ar<i,] . 

R'i’ defines precisely a (multiparametric) quantum group GLq^^ (n) mm, so we have, as before, an epimorphic 
map eruE [A_r] -» GLq^^ (n). In particular, we can say that [GLq,^ in-)]°^ is a quantum subspace of End ^ 

4.3. Twisted internal coEnd objects. In this section, we shall connect end 's and end^’s by 2-cocycle twisting 
of bialgebras |3], as GLq (n) and its multiparametric versions. We actually use a dual approach with respect to 
Drinfeld one, following the book of Majid [H| and references therein. 

Let us restrict ourself to collections {<Ja} define automorphisms 

{cr : A sc Aj^gcA ■ 

We shall see each object end ^ [A] = A^ > A^, endowed with the bialgebra structure 

A : endL ^ [A] ^ end ^ [A] o end ^ [A]; e : end ^ [A] ^ 1C, 

is a counital 2-cocycle twisting of the proper coHom object end [A]: and that the same twisting induces one on 
A by the coaction A ^ end [A] o A, giving the quantum space A^ (c.f. [HI, page 54). 


Consider a pair (Ai, A) with related automorphism a a given by at i—> a\ aj. Let us write zf = 0 Ui and 

define on end [A] = A > A the linear 2-form x : (A o A) 0 (A o A) ^ k as^^ 


(4.31) 


X{2l...Zr®Zr-\-l---Zr-\-.s) = {O- ’'),.+ ! ••• (cT ’')r+s > 

X (1 0 a:) = X C) 1) = e (a:) G k, Vx £ A > A. 


is well-defined because of Eq. 14.261 for (p = <7. 
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The first eq. must be understood as, for r = 2 and s = 3, 


X 


(< 


^32 


, 2-^3 . 3A . ^3^ ^ = 
23 24 25 ' 


) = (<'-*)': (--’)" (--’)* 


The last eq. says that y is counital. By * we indicate the convolution product of linear forms on a bialgebra. 

Proposition 9. //(/i, 77 , A, e) is the bialgebra structure o/At>A, we can define another structure (/r^, 77 , A, e), 
where X * M * X~^ ■ 

This new bialgebra is denoted (A [> A) ^ and called the twisting of A [> A by y. 

Proof. The counital property for y insures that 77 is a unit for We just must prove Mx associative. 
This follows from the fact that y is a 2-cocycle, i.e. X 12 * X (m ® ^) = X 23 * X (2 ® m); where, X 12 = X ® 
X 23 = e ® X and X 13 = X 12 (-^ ® To). In fact, acting with X 12 * X (m ® 2) upon the element 

Zi...Zj. (S) z,._|_2...z,._|_g Zy._|_g_|_]^...z,._|_g_|_^ ^ (A [> A) 

we obtain the matrix 
and acting with X 23 * X (2 ® /j) we have 

*)r--|-s-|-l ■■■ )r-|-s-|-t 


r+s+t ’ 






/r+l /r+s V /r+s+1 ■'* /r+s+i ’ 

where • indicates matrix multiplication. Thus y is a 2-cocycle. Therefore, ( 77 ^, 77 ) define a unital algebra 
structure. 

A and s are algebra morphisms for (/i^, 77) (see for a proof), and consequently (/i^, 77, A, e) is a bialgebra 
structure on the linear space A [> A, as we wanted to show. | 

Now, we are going to show that (A > A) ^ is a quantum space, which is isomorphic to \> jA as quantum 
spaces and as bialgebras. By definition, the underlying vector space of (A [> A) ^ is A [> A, so is given by 
monomials in zl = ® at under the product 77 , satisfying (see Eq. (11.1311 of § 1 . 3 ) 

T^kl...k„ jl 72 jn ! D± 

JL\ 


Dfel...fcn h . yo. , .2 

^ki X^k2 X X^k 




^ ' 3l---3n 


(4.32) 

which can be written 

(4.33) 
or 

(4.34) 

where Clearly, the monomials in zl under the product 77 ^ also span (AoA)^. Then, we have a 

quantum space 


Jl , J2 . , Jn 7 _q 

<^-^An kl X ^/C2 X ■■■ X ^fcn ’ 


(A>A)^ = (a):®Ai,(A>A)J 


with algebra structure (77^, 77) and related ideal generated by the elements given in Eq. with Xn £ An, 

LOn £ ^n, n £ N. Because the elements that define the ideal of are 

3^1 •••fen .yA 


TDK 


■ - ■ 4l ’ 


it is obvious that A'^ > and (A > A) ^ are isomorphic quantum spaces. On the other hand, the coalgebra 
structure are identical, hence they are isomorphic as bialgebras as well. The following theorem resumes these 
results. 

Theorem 5 . The twisting (Ao A)^ {of the bialgebra A > A by y) defines a pair 

^[A]^ = (A> A)^ = (^A); (8> Ai, (Ao A)^^ 

isomorphic to A^ > A^ = end ^ [A]; in other terms, there exists a counital 2-cocycle y such that 

end4 [A] ic end [A] . ■ 


see the equivalence of Eqs. ilO^ and note that ^ 2 :^ = 2 :^ • (and use ion for higher order monomials); and 

the equivalence of those equations with 14.341 follows from definition of < 7 .^ and aR^ (see Eqs. and 14.251 '). 
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Finally, consider in A the product 

m (X 0 m) (J 0 To 0 /) (i5 (g) i5), 

where S is the proper coevaluation A end [A] o A and Tq is the flipping map. In particular, 

"x = ’^x ® 

Since x is a counital 2-cocycle, TO;,^ is associative with the same unit as m, and Ai generates A under nix- 
Then, the algebra (A, m^) (with the same unit as (A,to)) is a quantum space, namely A^- Using the 
relations 

i?U-fcn .a^^=0 

can be expressed as 

(4.35) o/ci 'x 'x = 0> 

then, 

Theorem 6. The quantum space = hom ^ [A^,A] is isomorphic to the twisting A^ of A induced by the 
coaction A —> (A > A) o A and the 2-form x {given in ; in other words, A^ — -^x- ® 

Corollary 3. Since hom ^ [B, A] = > A^, follows that 

hom ^ [B, A] By^ > A;^^ = /tow [By^,Ay^] . 

For coEnd objects we have in addition 

end ^ [A] ii:: Ay^ > A^ = end [A^] — end [A] ^ . ■ 

Conclusions 

We carried out the construction of hom ^ [B, A] looking for the quantum spaces giving, in a universal way, 
a notion of ‘quantum space of transformations’ when one allows for some non commutativity among its points 
and the points of the space to be transformed. In doing so, we defined a twisted tensor product between objects 
of the category FGA of (general) quantum spaces (in an analogous way that the one defined by Cap and his 
collaborators for unital algebras). Making use of the Manin algebraic geometric terminology, we were able to 
connect the idea of twisted tensor product structures with the mentioned non commutativity. Then, among 
certain subclasses of maps A ^ H o^. B, we find universal elements, defined by objects hom^ [B, A] S FGA, 
giving us for each subclass the notion of space of morphisms we are looking for. Moreover, on a subcategory 
CA C FGA of quantum spaces, the opposite objects to hom ^ [B,A\ define a QLS-based category. 

We showed that under certain circumstances, the bialgebras end ^ [A] are 2-cocycle twisting of end [A] (the 
proper internal coEnd objects of GA). In a forthcoming paper ^ we shall define twisting transformations of 
quantum spaces, partially controlled by a (multiplicative) cochain quasicomplex. In these terms, we will see 
that all objects hgmr [B, A] (under similar circumstances) are twisting by 2-cocycles of the proper coHom ones. 
Then, we can say that both objects are twist or gauge equivalent, in an analogous sense to the gauge equivalence 
that Drinfeld defined on quasi-Hopf algebras. On the other hand, symmetric twisted tensor products Ao^-B can 
be seen as particular 2-cocycle twisting of the quantum space AoB, which enable us to develope a generalization 
of the concept of twisted coHom objects in the setting of twisting of quantum spaces, as we shall discuss in [^. 
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Appendix 

Gonsider the general quantum spaces A = (Ai,Af), B = (Bi,Bf) and C = (Ci,C), and the basis 

{oi} C Ai, {6i} C Bi and {ci} C Ci. The algebra of C is given by C = Cf /l [D^ -I- A l] , with A yf 0. So, 

C is not a graded algebra. Let and {ip,G) be initial diagrams in and T®’^, respectively, where T' 

is built up, just for simplicity, from a factorizable collection. Because A and B are given by free algebras, we 
can take TL = ^Bj' 0 Ai, [Bj^ (g) Ai]®^, and (pi = i^Iai '■ ea ^ V ® o,i® bj. On the other hand, the algebra 

G oi G = (Gi, G) can be taken as a quotient of [Cj^ g) Bi]®, where such a quotient is needed to make the 
corresponding r of well-defined. In particular, calling gj the generators of Gi, we must have 

tb,c {{d'" Cfe -b a l) g) pj) = f'' cfe g) g'+ A1 g) 5' = A1 g) {pj - g]) = 0, 
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what implies that gj — = 0. Then, the symbols gj are not linearly independent. Let be a basis for Gi, 

such that gj = and let us denote by /i^ the basis of (8> Ai. If we want to define ta,c on H o G (g) C, 

we need that 

ta,c {{D^ Cfc + a l) g {hi ® g'j)) = XI (S) (hi (S) gj - hi (S) gj) 

= A1 g g gj = A1 g (^hi - hij af g = 0, 

which is true if and only if (hi — hi'j = 0. But the symbols hi are linearly independent, hence, in general, 
r_4^C is not well-defined on H o G 0 C. 
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